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1. ApodeÐxte th sunèqeia sto q¸ro L1(R) thc metatìpishc: an f ∈ L1(R) tìte

lim
h→0

∫
|f(x+ h)− f(x)| dx = 0.

2. QrhsimopoieÐste to je¸rhma kuriarqhmènhc sÔgklishc se k�poio kat�llhlo q¸ro mètrou gia na
deixete to ex c: an eÐnai am,n, bn, cn ∈ R, m,n = 1, 2, . . ., gia k�je n èqoume limm am,n = bn kai
|am,n| ≤ cn kai

∑
n cn <∞ tìte èqoume

∑
n |bn| <∞ kai∑

n

bn = lim
m

∑
n

am,n.

3. An m1,m2 eÐnai ta mètra Lebesgue sto R kai R2 orÐzoume ta Borel mètra α, β sto R2:

α(A) = m1{x : (x, 0) ∈ A}, β(A) = m1{y : (0, y) ∈ A}, ìpou A Borel uposÔnolo tou R2.

DeÐxte ìti ta Borel mètra m2, α, β eÐnai an� dÔo idi�zonta metaxÔ touc.

GiatÐ orÐsame ta metra α, β sth Borel s-�lgebra tou R2 kai ìqi sth s-�lgebra twn Lebesgue
metrhsÐmwn uposunìlwn tou R2?

4. 'Estw oloklhr¸simec f, fn : R → C kai fn → f s.p. DeÐxte ìti
∫
|f − fn| → 0 an kai mìno an∫

|fn| →
∫
|f |.

Upìdeixh: Gia th shmantik  kateÔjunsh mporeÐte na qrhsimopoi sete to l mma tou Fatou.

5. An mia sun�rthsh f : [0, 1] → C eÐnai Lipschitz tìte eÐnai kai apolÔtwc suneq c. DeÐxte ìti to
sumpèrasma autì den prokÔptei an h f eÐnai apl� Hölder-1

2
, an dhl. ikanopoieÐ thn anisìthta

|f(x)− f(y)| ≤M |x− y|1/2, ìpou M peperasmènh stajer�.

Upìdeixh: 'Enac trìpoc na fti�xete mia f pou eÐnai Hölder-1
2
all� ìqi apolÔtwc suneq c eÐnai na

orÐsete thn f wc mia tmhmatik� grammik  sun�rthsh me kat�llhlo trigwnikì gr�fhma sta diast mata
tou tÔpou

[
1

n+1
, 1

n

]
.

H di�rkeia thc exètashc eÐnai 3 ¸rec. 'Olec oi shmei¸seic kai biblÐa prèpei na eÐnai kleist�.

'Olec oi apant seic sac ja prèpei na eÐnai epark¸c tekmhriwmènec.
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